We study quantum degenerate ultra-cold Fermi gases in the presence of artificial spin-orbit coupling and crossed Zeeman fields. We emphasize the case where parity is violated in the excitation spectrum and compare it with the simpler situation where parity is preserved. We investigate in detail spectroscopic properties such as the excitation spectrum, the spectral function, momentum distribution and density of states for the cases where parity is preserved or violated. Similarly, we show that thermodynamic properties such as pressure, chemical potential, entropy, specific heat, isothermal compressibility and induced spin polarization become anisotropic as a function of Zeeman field components, when parity is violated. Lastly, we discuss the effects of interactions and present results for the pairing temperature as the precursor for the transition to a superfluid state. In particular, we find that the pairing temperature is dramatically reduced in the weak interaction regime as parity violation gets stronger, and that the momentum dependence of the order parameter for superfluidity violates parity when crossed Zeeman fields are present for finite spin-orbit coupling.
I. INTRODUCTION
The study of quantum degenerate fermions has been in the forefront of research in ultra-cold atoms and molecules in recent years, where particular attention was paid to the so-called evolution from BCS to BEC superfluidity. Bringing ultra-cold fermions into quantum degeneracy and using Feshbach resonances to tune interactions between colliding fermions opened the door for the exploration of their superfluid phases, and their thermodynamic and correlation properties. This ability to tune interactions and explore the limits of weak, strong and unitary interactions had impact not only in cold-atom physics, but also in condensed matter physics (strongly correlated superconductors), nuclear physics (superconductivity in quantum chromodynamics) and astrophysics (superfluidity in neutron stars).
Many advances in cold atoms followed after the development of new tools for their toolbox. For instance the experimental study of the evolution from BCS to BEC superfluidity occurred after appropriate Feshbach resonances for 6 Li and 40 K were identified, and used to study the crossover problem for s-wave superfluids. In addition to s-wave Feshbach resonances, both 6 Li and 40 K also exhibit p-wave Feshbach resonances, which could produce p-wave superfluids in particular in BEC regime if p-wave Feshbach molecules were stable. Unfortunately, such pwave molecules do not live sufficiently long for the creation of p-wave superfluids [1] [2] [3] [4] .
In addition to the manipulation of interactions, it has been possible to extract experimentally detailed thermodynamic information of interacting ultra-cold fermions [5, 6] from local density images of trapped atoms with the help of the local density approximation [7, 8] .
A further tool was developed recently through the production of tunable artificial spin-orbit fields [11] that were created in 87 Rb, a bosonic isotope of Rubidium, by using a set of Raman beams that allowed momentum transfer and mixing of two dressed spin states. In these experiments, the emergence of spin-orbit fields, controlled by the momentum transfer from the light fields to the atoms, was connected to the simultaneous existence of an artificial Zeeman field controlled by the Raman coupling. In such experiments, the artificial spin-orbit and Zeeman fields were used to manipulate the effective interactions between bosons and thus produce new quantum phases of bosonic matter [11] . In a subsequent experiment it was directly demonstrated that the effective interactions between bosons can acquire higher angular momentum components which are directly controlled by the artificial spin-orbit and Zeeman fields. The effective single-atom Hamiltonian created in these experiments is
when expressed in the dressed state spin basis |k, s . Here, ǫ k = k 2 /(2m) represents the kinetic energy of an atom with momentum k and spin state s, h = h z = Ω/2 represents the Zeeman field along the quantization axis z which is directly related to the Raman coupling Ω, h x (k) = 0 and h y (k) = h y + vk x , where h y = δ/2 represents the detuning and vk x represents a mixture of equal Rashba [9] and Dresselhaus [10] terms, which we label as ERD spin-orbit coupling.
The possibility of studying similar phenomena with ultra-cold fermions in the presence of spin-orbit coupling and Zeeman fields [11, 12] lead to an explosion of theoretical research, which focused primarily on the case of Rashba-only (RO) spin-orbit coupling [13] [14] [15] [16] [17] which has been studied extensively in condensed matter physics in the context of non-centro-symmetric superconductors [18] [19] [20] . Some suggestions of possible realizations of artificial RO spin-orbit fields in ultra-cold fermions have appeared in the literature [21, 22] . However, in our group, we have focused mostly on the ERD case [23] [24] [25] [26] , which is simpler to be realized experimentally as it was demonstrated for interacting bosons [11, 12] in the case of 87 Rb, and more recently for non-interacting fermions such as 40 K in China [27] and 6 Li in the United States [28] .
In our recent work [23] [24] [25] [26] , we emphasized the importance of interactions in producing novel phases for spinorbit coupled ultra-cold fermions in the presence of Zeeman fields, and we analyzed in detail the ERD case with a longitudinal Zeeman field which is orthogonal to the spin-orbit field [24] [25] [26] . In this paper, we generalize our previous analysis to include an additional Zeeman field h y representing the detuning δ, which is perpendicular to longitudinal Zeeman field h = h z representing the Raman coupling Ω. In this case, the simultaneous presence of h y and the ERD spin-orbit field vk x along the y axis leads to the loss of parity for the eigenvalues of H sa (k) defined in Eq. (1) above. This violation of parity in the energy spectrum leads to many detectable parity-violating properties in spectroscopic quantities such as the spectral function and momentum distribution, which are explicitly momentum-dependent, or in momentum-integrated quantities like the density of states when viewed as a function of Zeeman fields h y and h y . Furthermore, we demonstrate that this parity violation can also be seen and quantified in thermodynamic quantities such as the pressure, entropy, specific heat, chemical potential, compressibility and spin-polarization, which are discussed in detail for non-interacting ultra-cold fermions in the presence of ERD spin-orbit and crossed Zeeman fields h y and h z . Furthermore, we also discuss the effects of parity violation when attractive s-wave interactions are present, and we pay particular attention to the pairing temperature and to the absence of parity in the order parameter tensor describing the superfluid order.
The remainder of the paper is as follows. In section II, we describe the magnetic hamiltonian in its general form, and particularize it to any linear combination of Rashba and Dresselhaus terms, while in section III we discuss the independent-atom (non-interacting) Hamiltonian including both the kinetic energy and the magnetic parts. The eigenvalues and eigenvectors of the single-atom Hamiltonian are discussed in section IV, where a generalized helicity basis is introduced and Fermi surfaces for various values of crossed Zeeman fields are presented. Particular attention is paid to parity violations for the eigenvalues and eigenvectors. In section V, we show the momentum dependence for the spectral function at fixed frequency revealing the cases of weak and strong parity violations, while in section VI we describe the the spinresolved momentum distributions which also reveal parity violations for various values of crossed Zeeman fields.
In section VII, we analyze the spin-dependent density of states for a few values of the crossed Zeeman fields and fixed ERD spin-orbit coupling, while in section VIII, we define several thermodynamics properties which analyzed in the following sections, such as pressure and entropy in section IX, chemical potential in section X, isothermal compressibility in section XI and spin-polarization XII. Furthermore, we investigate the effects of parity violation on the effective interactions in section XIII and on the pairing temperature in section XV. Lastly, we state our conclusions in section XVI emphasizing that several measurements can be made to detect parity violation in both non-interacting and interacting Fermi gases in the simultaneous presence of an ERD spin-orbit field, and crossed Zeeman fields h y , h z , where h y is related to the detuning δ and h z to Raman coupling Ω.
II. MAGNETIC HAMILTONIAN
To describe quantum degenerate Fermi systems in the presence of artificial spin-orbit and crossed artificial Zeeman fields, we discuss first the type of magnetic Hamiltonian to be used. Generally speaking the coupling between magnetic fields and two spin-states is given by H mag (k) = −h(k) · σ, where h(k) is the effective magnetic field (including Zeeman and spin-orbit) and σ = (σ x , σ y , σ z ), with σ i being the Pauli matrices. This leads to the magnetic Hamiltonian
Although there are many possible forms of fictitious magnetic fields that can be created in the laboratory. We discuss here a few simpler magnetic field configurations. In principle, the external artificial Zeeman field h ZE can have three components (h x , h y , h z ), in practice, we set h x = 0, and (h y , h z ) = 0 because in current experimental setups h y = δ/2, where δ is the laser detuning, and h z = Ω/2, where Ω is the strength of Raman coupling field.
In addition, there are many possible types of spinorbit contributions where h SO can have three components (h SO,x (k), h SO,y (k), h SO,z (k)). However, we consider particular forms of spin-orbit fields, which can be more easily realized in practice. The first type has the Dresselhaus form 
The second type has the Rashba form 
Either the Dresselhaus or the Rashba forms require spinorbit fields along the x and y directions, which to be produced experimentally demand two orthogonal Raman setups, such that momentum transfer occurs in two perpendicular directions. A linear combination of two forms leads to the field
where the velocities v RD± = (v D ± v R ). The corresponding Hamiltonian for such linear combination is
(5) The simplest type of spin-orbit field that can been created in the laboratory has the equal-Rashba-Dresselhaus (ERD) form h ERD (k) = v(0, k x , 0), where v RD− = 0, and v RD+ = v, or equivalently v D = v R = v/2. The corresponding Hamiltonian for the ERD spin-orbit field has the simple form
Taking into account an arbitrary superposition of Rashba and Dresselhaus spin-orbit coupling and a general uniform Zeeman field h ZE = (h x , h y , h z ), we can write the Zeeman-spin-orbit Hamiltonian as
where the parallel component of the total field is h = h z and the transverse component is
Having presented the magnetic Hamiltonian, we discuss next the Hamiltonian including the kinetic energy of the atoms.
III. HAMILTONIAN
The Hamiltonian for non-interacting ultra-cold fermions with identical masses m in the presence of spin-orbit and crossed Zeeman fields can be written in second quantization as
where the spinor Ψ
describes the creation of fermion states with momentum k and spin ↑ or ↓. Such Hamiltonian describes two hyperfine states of Fermi atoms such as 6 Li or 40 K, and the corresponding Hamiltonian matrix is
where K σ (k) = k 2 /(2m) − µ σ represents the kinetic energy of a fermion with mass m, momentum k and spin σ with respect to the chemical potential µ σ .
We define the variables K ± = K ↑ ± K ↓ /2 and the chemical potentials µ ± = (µ ↑ ± µ ↓ ) /2, and notice that
2 /(2m) − µ + = ξ k+ plays the role of the average kinetic energy, while K − = −(µ − + h z ) ≡ −h , plays the role of the parallel Zeeman field h including the external field h z and the internal field µ − due to a possible initial population imbalance. In the limit that there is zero initial population imbalance, the chemical potentials can be set to µ + → µ and µ − → 0, while the kinetic energies reduce to K + (k) → ξ k and K − (k) → −h = −h z , where ξ k = |k| 2 /(2m) − µ. The non-interacting Hamiltonian has the simpler form
where
In the remainder of the manuscript, we will discuss this explicit form of the Hamiltonian and some interesting consequences. We define the total number of fermions as N = N ↑ + N ↓ , and choose our energy, velocity and momentum scales through the Fermi momentum k F defined from the total density of fermions n = n ↑ + n ↓ = k 
IV. EXCITATION SPECTRUM
Now, let us introduce the unitary matrix U k that diagonalizes the Hamiltonian H 0 (k), such that
is a diagonal matrix containing the eigenvalues of H 0 (k). The corresponding eigenvectors are the spinors Φ(k) = U † k Ψ(k), where the unitary matrix U k has a momentumdependent SU(2) form and can be written as
where the normalization condition |u k | 2 + |v k | 2 = 1 is imposed to satisfy the unitarity condition U † k U k = 1 leading to the following expressions
where u k is taken to be real without loss of generality and
is a complex function where the phase ϕ k is defined via
The eigenvalues of H 0 (k) emerge as
where ξ ⇑ (k) = ξ k − |h eff (k)| is the eigenvalue where the momentum dependent effective field h eff (k) is aligned with the spin ⇑, and ξ ⇓ (k) = ξ k + |h eff (k)| is the eigenvalue where the momentum dependent effective field h eff (k) is aligned with the spin ⇓. Here, |h eff (k)| = h 2 + |h ⊥ (k)| 2 is the magnitude of the effective field.
The respective eigenvectors are
corresponding to the state |k, ⇑ , and
corresponding to the state |k, ⇓ . For initially population balanced systems in the ERD case, with the Zeeman field having only h y and h z components, the magnitude of the effective magnetic field
2 does not have well defined parity, which implies that the same is true for the eigenvalues ξ α (k). If either h y = 0 (zero detuning) or v = 0 (zero spin-orbit coupling), parity is restored for the eigenvalues. This can be seen in Fig. 1 , where the energy dis- 
The lower helicity band ǫ ⇑ (k) has two minima, which occur at (k x = m|v|, k y = 0, k z = 0) and (k x = −m|v|, k y = 0, k z = 0), respectively, while the upper helicity band ǫ ⇑ (k) has only one minimum occurring at (k x = 0, k y = 0, k z = 0). This can be seen by completing the squares and rewriting the dispersions of the helicity bands as
2 /2 is the characteristic kinetic energy associated with the spin-orbit coupling strength v, which has units of velocity.
In Fig. 1a , we show the case of v/v F = 0.71, for h y = 0 and h z /ǫ F = 0.1, and in Fig. 1b , we show the case of v/v F = 0.71, for h y = 0 and h z /ǫ F = 1.2. In both of these cases the energy dispersions are parity preserving, and the main fundamental difference between Fig. 1a and Fig. 1b is that the lower helicity band ǫ ⇑ (k) has two minima at finite k x = ±|v| −1 4ǫ 2 v − h 2 z as seen in Fig. 1a , but a single minimum at k x = 0 as seen in Fig. 1b . While the upper helicity band ǫ ⇓ (k) has only a single minimum at k x = 0 in both Fig. 1a and Fig. 1b . The two minima in the lower helicity band for Fig. 1a occur only for low Zeeman fields |h z | < 2ǫ v . In Figs. 1c and 1d , we show the helicity bands for h z = 0, but h y /ǫ F = 0.1 and h y /ǫ F = 0.5, respectively. In these cases, the energy dis-
ρ /(2m) and do not even parity as it is standard, since ǫ α (k) = ǫ α (−k). These dispersions are compared to the dispersions for the case of h y /ǫ F = h z /ǫ F = 0, but finite v/v F , which are shown as dashed black lines in Fig. 1 . The last examples described in Fig. 1e and Fig. 1f correspond to cases where both h y and h z are non-zero, having values h y /ǫ F = h z /ǫ F = 0.1 for (e) and h y /ǫ F = 0.5, h z /ǫ F = 1.2 for (f). Notice the presence of two minima for the lower helicity band in (e), and the existence of only one minimum for the lower helicity band in (f), but in both cases parity (inversion symmetry) is violated.
In Fig. 2 , we show cross sections of the Fermi surfaces (FS) in the k x -k y plane at k z = 0 for ERD spin-orbit coupling and a few values of crossed Zeeman fields. The Fermi surfaces have rotational symmetry about the k x axis, that is, in the k y -k z plane, and their full threedimensional structure can be visualized using this property. We show in Figs. 2a-c the case for Zeeman fields h y /ǫ F = 0 and h z /ǫ F = 0.1, where the Fermi surfaces In Fig. 2 , notice also that as the chemical potential µ is changed below the bottom of the helicity band ǫ ⇓ (k), the central pocket of the Fermi surface disappears (see magenta surface near zero momentum in Fig. 2 ). Further lowering of the chemical potential leads to the crossing of a local maximum of the helicity band ǫ ⇑ (k), where the residual Fermi surface break into two pockets (see blue surfaces in Fig. 2 ). This is reminiscent of the Lifshitz transition [29] in non-interacting metals, also called metal-to-metal or conductor-to-conductor transition, where under pressure or another external parameter the Fermi surface of the system changes topology producing a major rearrangement of momentum states which lead to a drastic change in the density of states of the system. The thermodynamic potential Ω in the vicinity of the usual Lifshitz transition behaves as
where Ω reg is the regular (analytic) part, and α is the prefactor of the non-analytic component. The isothermal compressibility is related to the second-derivative of the thermodynamic potential with respect to the chemical potential and behaves as κ T = κ T,reg + β|µ − µ c | 1/2 , where κ T,reg is the regular part and β is the coefficient of the non-analytic component. According to Ehrenfest's classification of phase transitions, the non-analyticity manifests itself only in the third derivative and is a third-order phase transition. However, the Lifshitz transition is more commonly called the 2-1/2 order transition in allusion to the specific 5/2 power-law non-analyticity of Ω in three dimensions. This topological transition is not characterized under Landau's symmetry-based classification, since no symmetry is broken in the Lifshitz case. This trivial Lifshitz transition can be seen in Fig. 2 both for the paritypreserving and parity-violating examples.
In We call this transition for non-interacting systems trivial to contrast it with a more exotic, but related topological transition that can occur in p-wave [30, 31] or dwave [32, 33] superfluids, where interactions play a fundamental role.
A further characterization of the parity violation present in fermion systems with spin-orbit coupling and crossed Zeeman fields can be made by analyzing additional spectroscopic quantities such as the spectral function to be discussed next. 
V. SPECTRAL FUNCTION
A very useful tool to probe momentum-resolved properties is the use of radio-frequency (RF) spectroscopy that can extract the spectral function [34] yielding similar measurements to those encountered in photoemission spectroscopy of condensed matter physics. The resolvent (or Green) operator matrix is defined as
in momentum-frequency space. In the present case, the diagonal components of G(k, z) are
for the spin ↑ component and
for the spin ↓ component. The corresponding spectral function is
, which in terms of the coherence factor u k and v k becomes
for the up-spin (↑) component, and (22) for the down-spin (↓) component. The spectral functions A s (k, ω) at frequency ω = µ and temperature T /ǫ F = 0.05 are shown in Fig. 4 for some values of the crossed Zeeman fields and spin-orbit coupling. A small energy broadening δ/ǫ F = 0.01 is included and a logarithmic scale is used to help visualization. In the relevant panels of Fig. 4 , the blue dashed lines represent A s (k x = 0, k y , k z = 0, ω = µ), and the red solid lines represent A s (k x , k y = 0, k z = 0, ω = µ). Additionally, the two left-most columns correspond to the A ↑ (k) component, and the two right-most columns describe the A ↓ (k) component. In Figs. 4(a)-(d) the Zeeman fields are h y /ǫ F = h z /ǫ F = 0, the ERD coupling is v/v F = 0, the chemical potential is µ/ǫ F = 1.0, and the induced polarization P ind = 0. In Figs. 4(e)-(h) the Zeeman fields are h y /ǫ F = 0, h z /ǫ F = 0.1, the ERD coupling is v/v F = 0.71, and the chemical potential is µ/ǫ F = 0.495, and the induced polarization is P ind = 0.121. In these two cases parity is preserved, since the eigenvalues ǫ α (k) and coherence factors u k and v k are invariant under momentum inversion for h y /ǫ F = 0. In Figs. 4(i)-(l) the Zeeman fields are h y /ǫ F = h z /ǫ F = 0.1, the ERD coupling is v/v F = 0.71, the chemical potential is µ/ǫ F = 0.492, and the induced polarization is P ind = 0.120. Parity is not preserved in the last case since (h y /ǫ F = 0). This is reflected in the absence of inversion symmetry, which is noticeable but weak.
In Fig. 5 , we show the spectral functions A s (k, ω) at frequency ω = µ and temperature T /ǫ F = 0.05 for ERD spin-orbit coupling v/v F = 0.71. For varying chemical potentials, we choose the particular values of the crossed Zeeman fields to be h y /ǫ F = h z /ǫ F = 0.1 in order to emphasize the absence of inversion symmetry (parity) when h y = 0. As before, a small energy broadening δ/ǫ F = 0.01 is included and a logarithmic scale is used to help visualization. The same color convention is used in the relevant panels of Fig. 5 , where the blue dashed lines represent A s (k x = 0, k y , k z = 0, ω = µ), and the red solid lines represent A s (k x , k y = 0, k z = 0, ω = µ). In addition, the two left-most columns describe the A ↑ (k) component, and the two right-most columns correspond to the A ↓ (k) component. In Figs. 5(a)-(d) the chemical potential is µ/ǫ F = 0.492, the induced polarization is P ind = 0.120, and parity is weakly violated, but noticeable. In Figs. 5(e)-(h) the chemical potential is µ/ǫ F = 0, the induced polarization is P ind = 0.143, and parity is more strongly violated. In Figs. 5(i)-(l) the chemical potential is µ/ǫ F = −0.37, the induced polarization is P ind = 0.105, and parity is strongly violated.
In the last two cases parity is violated more strongly, since the eigenvalues ǫ α (k) and coherence factors u k 
VI. MOMENTUM DISTRIBUTION
To understand the momentum distribution for quantum degenerate Fermi gases in the presence of spin-orbit and crossed Zeeman fields, we look first at the expectation value n α (k) of the number operatorsn α (k) = Φ † α (k)Φ α (k), which describes the momentum distribution n α (k) in the helicity basis. In this case, the momentum distribution is n α (k) = n F (ξ α (k)), where n F (x) is the Fermi function.
The momentum distributions for the original spin states s = (↑, ↓) are defined as n s (k) = c † ks c ks . With the help of the unitary matrix U(k) defined in Eq. (12), which relates the creation and annihilation operators in the helicity and the standard spin basis the momentum distributions become
for the up-spin (↑) component, and for the down-spin (↓) component.
Such expressions can be also obtained from the general relation
between the momentum distribution and the spectral function for fermions. It is also convenient to obtain the momentum distribution sum n + (k) = n ↑ (k) + n ↓ (k) and the momentum distribution difference n − (k) = n ↑ (k) − n ↓ (k). The first distribution can be written in terms of the Fermi functions only
while the second distribution can be written in terms of the Fermi functions and the components of the effective Zeeman field
In Fig. 6 , we show momentum distributions n s (k) at T /ǫ F = 0.05 and in the regime where the Fermi system is largely degenerate, containing wide regions in momentum space where n s (k) ≈ 1. The blue dashed lines represent cuts of n s (k) along the k = (k x = 0, k y , k z = 0) direction, while the red solid lines represents cuts of n s (k) Figs. 6(a)-(d) the case with zero spin-orbit coupling and without Zeeman fields, corresponding to parameters v/v F = 0, h y /ǫ F = h z /ǫ F = 0 chemical potential µ = 1.0. In this case, the momentum distributions for the two spin components are identical n ↑ (k) = n ↓ (k), meaning that the populations are balanced with n − (k) = 0, and induced polarization is P ind = 0. In Figs. 6(e)-(h) , we show momentum distributions for parameters v/v F = 0.71, h y /ǫ F = 0, h z /ǫ F = 0.1 and chemical potential µ = 0.495. Here, the momentum distributions acquire double plateaux structures along the direction k = (k x , k y = 0, k z = 0) due to the momentum shifts of the helicity bands as shown in Fig. 1(a) . Additionally, the momentum distributions for different spin-components are no longer identical, such that n ↑ (k) = n ↓ (k), or n − (k) = 0, and the induced polarization is non-zero taking the value P ind = 0.121. In these two cases, parity is not violated and the momentum distributions are even functions of momentum under inversion symmetry. However, in Figs. 6(i)-(l), we show momentum distributions for parameters v/v F = 0.71, h y /ǫ F = h z /ǫ F = 0.1, and chemical potential µ = 0.492, in which case the double plateaux structures are still preserved, population imbalance is present with n − (k) = 0 and induced polarization P ind = 0.120. Most importantly parity is weakly violated since n s (−k) = n s (k).
In Fig. 7 , we show momentum distributions n s (k) at T /ǫ F = 0.05 for parameters v/v F = 0.71, h y /ǫ F = h z /ǫ F = 0.1, and varying chemical potentials µ/ǫ F . We emphasize the regimes where parity is more strongly violated leading to momentum distributions without inversion symmetry: n s (−k) = n s (k). The blue dashed lines represent cuts of n s (k) along the k = (k x = 0, k y , k z = 0) direction, while the red solid lines represents cuts of n s (k) along k = (k x , k y = 0, k z = 0). For reference, we show in Figs. 7(a)-(d) the case with µ/ǫ F = 0.492 and P ind = 0.120, where the Fermi system is still largely degenerate, containing wide regions in momentum space with n s (k) ≈ 1, and at the same time parity is violated only weakly. In Figs. 7(e)-(h), we show momentum distributions for µ/ǫ F = 0 and P ind = 0.143, while in Figs. 7(i)-(l), we show momentum distributions for µ/ǫ F = −0.37 and P ind = 0.105. In both cases, the Fermi system is no longer degenerate, containing wide regions in momentum space where n s (k) ≪ 1. In the last two cases the momentum distributions remain symmetric upon reflection along the k y or k z directions, but parity is more strongly violated leading to a highly asymmetric momentum distributions along the k x direction.
Having discussed the momentum distribution at low temperatures, we analyze next the density of states of quantum degenerate fermions in the presence of spinorbit coupling and crossed Zeeman fields. 
VII. DENSITY OF STATES
The density of states for spin s can be written as
in terms of the spectral function A s (k, ω). An analysis of the spin-dependent density of states is useful to provide the frequency (energy) dependence of the spinpolarization of the system. In Fig. 8 , we show the density of states ρ s (ω) for various parameters with an energy broadening η/ǫ F = 0.01. We show specifically the case of zero spin-orbit coupling and Zeeman fields in Fig. 8(a) , which has the characteristic square-root frequency dependence for a threedimensional system. In this case the system is not polarized and the tails below the bottom of the energy band are due to the finite energy broadening. We show two other situations for comparison corresponding to cases which are polarized with finite Zeeman fields, as well as with a finite spin-orbit coupling. In Fig. 8(b)-(c) , we show that the band edges shift to lower frequencies when the Zeeman and spin-orbit fields are turned on. Furthermore, in Fig. 8(b) the spin-dependent density of states are shown for the case where parity is not violated, corresponding to h y /ǫ F = 0, h z /ǫ F = 0.1, and v/v F = 0.71; Fig. 8(c) the spin-dependent density of states are shown for the case where parity is violated, corresponding to h y /ǫ F = h y /ǫ F = 0.1 and v/v F = 0.71. Since momentum is integrated over, there is no clear signature of parity violation in ρ s (ω) as there is in momentum-resolved observables such as the spectral density A s (k, ω), momentum distribution n s (k), or helicity dispersions ǫ ⇑ (k) and ǫ ⇓ (k) discussed earlier. However, we show the different spin-dependent density of states for comparison. The kinks present in these figures reflect the location of the maxima and minima of the helicity bands.
and in
Having discussed the density of states, we present next an analysis of thermodynamic properties.
VIII. THERMODYNAMIC PROPERTIES
From the energy spectrum of the Hamiltonian H 0 defined in Eq. (10), we can obtain the partition function as
and the corresponding thermodynamic potential When no initial population imbalance is present, the total number of particles is fixed by
which determines the chemical potential µ. In addition, because an external Zeeman field is present, we can define the induced polarization
where the number of particles in spin-state s is
Next, we begin our analysis of thermodynamic variables that could be measured using the techniques already developed for ultra-cold fermions [5, 6] in the absence of spin-orbit coupling. In the discussion that follows, we will cover the pressure, the chemical potential, the isothermal compressibility and the induced magnetization (spin-polarization).
IX. PRESSURE AND ENTROPY
The pressure of ultra-cold fermions in the presence of spin-orbit coupling and crossed Zeeman fields is
where Ω is thermodynamic potential, and α = (⇑, ⇓) is the helicity spin index.
In Fig. 9 , we show the scaled pressure P V /(N ǫ F ) as a function of the Zeeman fields h y /ǫ F and h z /ǫ F for fixed spin-orbit coupling v/v F . Notice that in the absence of spin-orbit and Zeeman fields the pressure reduces to the standard results of an non-interacting Fermi gas P V /(N ǫ F ) = 2/5. The pressure is an even function of both h y and h z and is shown for a range of h y and h z varying from zero to 1.5ǫ F . The spin-orbit coupling for Figs. 9(a)-(b) is v/v F = 0, and the pressure is completely isotropic in the h y -h z plane, since the helicity bands ǫ α (k) are also isotropic in h y -h z plane and parity is preserved. However, in Fig. 9(c)-(d) , where v/v F = 0.71, the pressure is anisotropic in the h y -h z plane, since the helicity bands ǫ α (k) are now anisotropic in the h y -h z plane and are not invariant under parity. We note in passing that the entropy S of the system can be easily extracted, by rewriting the thermodynamic potential as Ω = T k ln [1 − n F (ξ α (k))] , when expressed in terms of the Fermi function n F (ξ α (k)). Using the relation S = − (∂Ω/∂T ) V,µ , leads to the final result (k B = 1) (35) which is nothing but the entropy of a non-interacting Fermi gas in the presence of spin-orbit coupling and crossed Zeeman fields. We will not show plots of the entropy, or of the specific heat, which can also be easily obtained, but rather discuss next the chemical potential and its dependence on the crossed Zeeman fields.
X. CHEMICAL POTENTIAL
The chemical potential µ in the Grand-canonical ensemble is determined by fixing the average number of particles given in Eq. (31) , which can be rewritten as
where n + (k) is the total momentum distribution defined in Eq. (26) . The behavior of µ as a function of the Zeeman fields h y and h z is shown in Fig. 10 , which uses the fact that µ is an even function of these variables. The range of the Zeeman fields is also from 0 to 1.5ǫ F . The case where parity is preserved is shown if Fig. 10(a) and (b), corresponding to v/v F = 0, such that the chemical potential is isotropic in the h y -h z plane. Similarly, in Fig. 10(c) and (d), we show the case corresponding to v/v F = 0.71, where parity is violated for any finite Zeeman component h y . As a result the chemical potential µ/ǫ F is anisotropic in h y -h z plane, because the helicity bands are neither even nor odd in momentum space. This demonstrates that the anisotropy of µ is a measure of parity violation. Another quantity that can be easily measured and that reveals a similar effect is the isothermal compressibility to be discussed next. 
XI. ISOTHERMAL COMPRESSIBILITY
The isothermal compressibility can be obtained from the knowledge of the pressure, as is defined as κ T = −(1/V )(∂P/∂V ) T,N . But in the Grand-canonical ensemble, where we need to fix the average number of particles, the isothermal compressibility can be directly written as
Using the relation defined in Eq. (36) and noticing that the partial derivative (∂n F (x)/∂x) T,V = −(1/T )n F (x)n F (−x), is directly related to the Fermi function n F (x), it is possible to write the expression for the isothermal compressibility as
The experimental extraction of the isothermal compressibility from measurements of density fluctuations was suggested theoretically several years ago both in harmonically confined systems [35] and optical lattices [36] , and early improvements in the detection schemes of density fluctuations [37] [38] [39] became sufficiently sensitive to extract this information from experimental data. In a recent experiment [40] using laser speckles, the isothermal compressibility and the spin susceptibility were measured as a function of interaction parameter via the fluctuation dissipation theorem throughout the evolution from BCS to BEC superfluidity in balanced Fermi systems.
The atomic compressibility can be measured using the fluctuation-dissipation theorem relating the fluctuation in the density of particles n = N/V , where N = N is the average number of particles, andN is particlenumber operator. The relation between the isothermal compressibility κ T and particle-number (density) fluctuations is given by the relation:
We see no major technical impediment to use techniques that are sensitive to spin-dependent density fluctuations in population imbalanced Fermi-Fermi mixtures with equal masses [41, 42] , whether the imbalance is created initially via radio-frequency fields or via artificial spin-orbit and Zeeman fields. Such analysis was shown to be theoretically possible even for Fermi mixtures with unequal masses [43, 44] , and preliminary experimental results for these systems [45, 46] seem to indicate that indeed the compressibility and spin susceptibility matrix elements can be directly extracted from the local density and density fluctuation profiles.
Thus, we show in Fig. 11 the isothermal compressibility κ T as a function of both h y and h z for a range of h y and h z varying from zero to 1.5ǫ F , at fixed temperature (T = 0.05ǫ F ). The spin-orbit coupling for Figs. 11(a) -(b) is v/v F = 0, and the compressibility is completely isotropic, as parity is preserved. However, in Fig. 11(c)-(d) , where v/v F = 0.71, parity is broken for h y = 0. This parity breaking is reflected in the helicity bands as discussed earlier, and manifests itself in the behavior of the compressibility versus (h y , h z ) via the anisotropy revealed in Fig. 11(c)-(d) . Again such anisotropy is a reflection of the parity violation caused by the simultaneous presence of the ERD spin-orbit field and h y . Another important property that can be measured is the spin polarization as a function of the Zeeman fields h y , h z for fixed spin-orbit coupling, which is discussed next. 
XII. INDUCED SPIN POLARIZATION
We can also analyze the induced spin polarization in the presence of crossed Zeeman fields and spin-orbit coupling. The spin polarization along the i th direction (i = x, y, z) is given by the expectation value
Such general expression can be particularized for each component. For instance, the expectation value
expressed in the original spin basis, can be rewritten in the helicity basis as
Analogously the expectation value of the spin-operator S y in the original spin basis is
in the original spin basis can be written as
(44) in the helicity basis. Lastly, the expectation value ofŜ z in the original spin basis is
which can be rewritten in the helicity basis as
Finally, the averages Ŝ x and Ŝ y can be expressed as real and imaginary parts of the transverse spinpolarization Ŝ ⊥ = Ŝ x − i Ŝ y , defined this way to be compatible with the definition of h ⊥ (k) = h x (k)−ih y (k). The transverse spin-polarization takes the final form
Correspondingly the longitudinal spin polarization can be written as
which is directly related to the induced population imbalance P ind by the expression
where N = N ↑ + N ↓ is the total number of particles, as defined earlier.
For ERD spin-orbit coupling with field h ERD = vk xŷ , the transverse field h ⊥ (k) has only the y-component. This means that Ŝ x is identically zero for any value of h y and h z for any value of v = 0, given that h x (k) = 0. However, Ŝ y is not identically zero for the ERD case above, unless parity is preserved in the helicity bands ξ α (k), which means h y = 0. For any finite value of h y , Ŝ y is non-zero. This behavior is revealed in Fig. 12 , where the expectation values Ŝ y and Ŝ z of spin polarization are shown as a function of (h y /ǫ F , h z /ǫ F ). In particular, we show in Fig. 12 the finite temperature (T /ǫ F = 0.05) induced spin polarizations per particle S z /N (two left-most columns) and S y /N (two rightmost columns) for ERD spin-orbit parameter v/v F = 0 from (a) through (d), and for v/v F = 0.71 from (e) through (h). In (a) and (e), the red solid line represents S z /N as a function of h y /ǫ F at h z /ǫ F = 0, and the blue dashed line represents S z /N as a function of h z ǫ F at h y /ǫ F = 0. In (d) and (h), the red solid line represents S y /N as a function of h y /ǫ F at h z /ǫ F = 0, and the blue dashed line represents S y /N as a function of h z /ǫ F at h y /ǫ F = 0. Having analyzed several thermodynamic properties for non-interacting quantum degenerate ultra-cold fermions, which already present some fundamental non-trivial properties such as the violation of parity, we discuss next the effects of interactions and how parity violation affects the pairing temperature of such fermions and the superfluid order parameter. 
XIII. EFFECTS OF INTERACTIONS
In this section, we analyze briefly the effects of interactions in the presence of spin-orbit and crossed Zeeman fields, with focus on the dependence of the pairing temperature with respect to the interaction parameter for given spin-orbit and Zeeman fields. We also present a short discussion about the effects of parity violation on the superfluid order parameter.
The interaction Hamiltonian is
where g represents the strength of the contact interaction. Only s-wave scattering is considered in regards to the original spin states ↑ and ↓. Converting the interaction term into momentum space leads to
where the pair creation operator with center of mass momentum q is b
, and g can be expressed in terms of the scattering length through the Lippman-Schwinger relation
The interaction Hamiltonian H I can be written in the helicity basis as
where the indices α, β, γ, δ cover ⇑ and ⇓ states. Pairing is now described by the operator
and its Hermitian conjugate, with momentum indices
is directly related to the matrix elements of the momentum dependent SU(2) rotation into the helicity basis, and reveals that the center of mass momentum k 1 +k 2 = q and the relative momentum k 1 − k 2 = 2k are coupled and no longer independent.
XIV. TENSOR ORDER PARAMETER
From Eq. (54) it is clear that pairing between fermions of momenta k 1 and k 2 can occur within the same helicity band (intra-helicity pairing) or between two different helicity bands (inter-helicity pairing). For pairing at q = 0, the order parameter for superfluidity is the tensor ∆ αβ (k) = ∆ 0 Λ αβ (k, −k), where ∆ 0 = −g γδ B γδ (0) , leading to components:
for total helicity projection λ = +1;
for total helicity projection λ = 0; and
for total helicity projection λ = −1.
It is very important to emphasize that for non-zero spin-orbit coupling and crossed Zeeman fields h y and h z , the order parameter tensor ∆ αβ (k) does not have well defined parity. For instance, while ∆ ⇑⇑ (k) and ∆ ⇓⇓ (k) have odd parity, the matrix elements ∆ ⇑⇓ (k) and ∆ ⇓⇑ (k) do not have well defined parity. However, we may still define singlet and triplet sectors for the helicity basis, such that the singlet sector ∆ S,0 (k) = [∆ ⇑⇓ (k) − ∆ ⇓⇑ (k)] /2 has even parity and the triplet sector defined by the components ∆ ⇑⇑ (k), ∆ T,0 (k) = [∆ ⇑⇓ (k) + ∆ ⇓⇑ (k)] /2 and ∆ ⇓⇓ (k) have odd parity for any value of the ERD spinorbit coupling v/v F and crossed Zeeman fields h y /ǫ F and h z /ǫ F . The preservation of parity in the singlet and triplet sectors is also true for the Rashba-only (RO) case, but the order parameter breaks time-reversal symmetry.
Within the mean field approximation, the Hamiltonian matrix in the helicity basis is
(58) This Hamiltonian matrix is traceless, therefore the sum of its eigenvalues is zero, however the eigenvalues of H MF (k) are not invariant under parity. By labeling the eigenvalues as E 1 (k), E 2 (k), E 3 (k) and E 4 (k) in decreasing order of energy, and using the tracelessness condition then the sum
does not a well defined parity. Typically these eigenvalues are even in momentum space, but not here because the parity violation induced by the simultaneous presence of the crossed Zeeman fields and the spinorbit coupling, thus, in the present case E i (−k) = E i (k). However a generalized particle-hole symmetry applies leading to E 2 (k) = −E 3 (−k) and E 1 (k) = −E 4 (−k).
The eigenvalues in this parity violating case can be obtained analytically for any mixture of Rashba and Dresselhaus terms from the determinant Det ω1 − H MF (k) , which leads to the characteristic quartic equation
for each momentum k. Here, the coefficient of the cubic term a 3 (k) = − i E i (k) is the sum of the eigenvalues E i (k) of the the Hamiltonian matrix H MF (k) and therefore vanishes. The coefficient of the quadratic term is
The last coefficient is just the product of the four eigenvalues leading to
In the particular case of ERD spin-orbit coupling with crossed Zeeman fields, the coefficients become a 3 = 0, and the coefficient of the quadratic term takes the form
while the coefficient of the linear term is
and lastly the coefficient of the zero-th order term is
Here, K + has the same definition used in the paragraph that follows Eq. (9), and is a measure of the kinetic energy with respect to the chemical potential.
Even in this simpler case of ERD spin-orbit coupling, the precise analytical form of the eigenvalues in the presence of crossed Zeeman fields is quite cumbersome, and we do not list them here explicitly. Rather, we discuss next the consequences of parity violation on the pairing temperature of ultra-cold fermions in the presence of spin-orbit and crossed Zeeman fields.
XV. PAIRING TEMPERATURE
From the excitation spectrum discussed above, we obtain the corresponding thermodynamic potential as
from which the order parameter equation is determined via the minimization of Ω MF with respect to |∆ 0 | 2 , leading to
where n F (E j (k)) = 1/(exp (E j (k)/T ) + 1) is the Fermi function for energy E j (k). The contact interaction g can be elliminated in favor of the scattering length a s via the Lippman-Schwinger relation defined in Eq. (52). The total number of particles N = N ↑ + N ↓ is defined from the thermodynamic relation N = − (∂Ω MF /∂µ) T,V , and leads to the corresponding number equation
since the system is assumed to have no initial population imbalance.
The self-consistent solutions of Eq. (64) and (65) guarantee the existence of mean field solutions for the order parameter amplitude |∆ 0 | and the chemical potential µ as a function of the Zeeman fields h y and h z , the spinorbit coupling v and scattering length a s . However, the thermodynamic stability of the solutions obtained has to be tested against the maximum entropy condition (or minimum of the thermodynamic potential) over the same parameter space spanned by the variables h y , h z , v and a s , which determine the phase space of the present system. However, we discuss here only the effects of crossed Zeeman fields h y , h z on the pairing temperature T p obtained by solving the mean-field self-consistent relations defined by Eq. (64) and Eq. (65) with the order parameter amplitude set to zero, i. e., ∆ 0 = 0.
In Fig. 13 , we show the pairing temperature T p /ǫ F as a function of ERD spin-orbit coupling v/v F for selected values of h y , h z and interaction parameter 1/(k F a s ). The lines are guides to the eye given that the number of points does not form a dense set. In (a) h y /ǫ F = 0 and in (b) h y /ǫ F = 0.08 both at 1/(k F a s ) = −0.5, showing the behavior of T p on the BCS side of unitarity. In (c) h y /ǫ F = 0 and in (d) h y /ǫ F = 0.4 both at 1/(k F a s ) = 1.0, showing the behavior or T p on the BEC side of unitarity. In (a) and (b), the black-dotted line labels h z = 0, the red-dashed line h z /ǫ F = 0.05, the greendash-dotted line h z /ǫ F = 0.1, and the blue-solid line h z /ǫ F = 0.15. However, in (c) and (d), the black-dotted line labels h z = 0, the red-dashed line h z /ǫ F = 0.5, the green-dash-dotted line h z /ǫ F = 1, and the blue-solid line h z /ǫ F = 1.5. Notice that the relative suppression of pairing with zero center of mass momentum in the BCS side (1/(k F a s ) < 0) is larger than in the BEC side (1/(k F a s ) > 0), since it relies strongly on pairing of states only close to the Fermi wavevectors k F and −k F .
In Fig. 14 , we show the pairing temperature T p /ǫ F versus scattering parameter 1/(k F a s ) for various values of the artificial Zeeman field components h y and h z and particular values of the ERD spin-orbit coupling v. The black cross line corresponds to parameters v/v F = 0, h y /ǫ F = h z /ǫ F = 0, where there are no ERD spin-orbit coupling and no Zeeman fields. The red solid line corresponds to parameters v/v F = 1, h y /ǫ F = h z /ǫ F = 0. Notice that these lines coincide, because the ERD spin-orbit field can be gauged away producing exactly the same results for any value of v/v F so long as h y /ǫ F = h z /ǫ F = 0. The blue dashed-dotted line describes the case for parameters v/v F = 1, h y /ǫ F = 0, and h z /ǫ F = 1, showing that the presence of Zeeman field h z in the BCS regime produces an energy cost for pairing of Fermions with opposite momenta and zero center-of-mass momentum, thus reducing the pairing temperature substantially. However, the purple dashed line describing the situation corresponding to v/v F = 1, h y /ǫ F = 0.4, and h z /ǫ F = 0 shows a much stronger suppression of the pairing temperature than for the case of v/v F = 1, h y /ǫ F = 0, and h z /ǫ F = 1 (blue dot-dashed line), because it becomes much more difficult for fermions with opposite momenta to pair with zero center-mass-momentum due to the parity violation in the excitation spectrum of the fermions introduced by h y when v/v F = 0. Lastly, the green dashed line shows the case of v/v F = 1, h y /ǫ F = 0.4, and h z /ǫ F = 1, where the combined effect of the Zeeman energy cost and parity violation lead to a dramatic reduction of the pairing temperature in the BCS region and even near unitarity.
Another important point to emphasize in lates to the bending of T p in the two last cases corresponding to the dashed purple and dashed green lines. This bending indicate and instability of zero center-ofmass momentum pairing towards finite center-of-mass momentum pairing, and point of infinite slope in both curves indicates the separation of the two regimes. In the cases where the pairing temperature reflects the critical temperature of the system, the locations of infinite slope would correspond to a Lifshitz point, and a small region to the left of the negative slope regime would correspond to a superfluid with finite center of mass momentum, which is favored due to parity violation in the helicity bands.
For the parameters discussed the pairing temperature is not largely affected in the BEC regime, since the binding of fermions is controlled by the emergence of twobody bound states with binding energy E b , and not by Cooper pairing in the presence of a Fermi sea. In the BEC regime, an estimate of T p can be given by considering the chemical equilibrium condition µ B = 2µ F , where µ B is the chemical potential of the bosons formed by tightly bound fermions, and µ F is the chemical potential of unbound fermions. Since T p /ǫ F 1, both bosons and unbound fermions are highly non-degenerate, and behave like classical ideal gases, in which case the chemical potential can be directly calculated and used to obtain the relation T p /ǫ F ∼ |E b /ǫ F |/ ln |E b /ǫ F | 3/2 to logarithmic accuracy. Here, the binding energy E b /ǫ F is a function of the interaction parameter 1/(k F a s ), the ERD spin-orbit parameter v/v F and the Zeeman fields h y /ǫ F and h z /ǫ F . The logarithmic term is an entropy correction that reduces the pairing temperature T p to a value much lower than the absolute value of the binding energy E b of two fermions. The pairing temperature T p /ǫ F is essentially the same for values of 1/(k F a s ) > 2 (not shown in Fig. 12 We will not present here a discussion of the condensation or critical temperature T c as it requires a full calculation of fluctuations effects, which is now underway [47] . However, in the extreme BEC regime, where 1/(k F a s ) ≫ 1, the critical temperature T c can be obtained from the Bose-Einstein condensation temperature T c ≈ T BEC = [n B /ζ(3/2)] 2/3 2π/m B , where the zeta function ζ(3/2) ≈ 2.6124, the density of bosons n B = n/2 is half the density n of fermions, and m B is the mass of bosons which is a function of the mass m of fermions, and the parameters v, h y and h z . The ratio m B /m can be parameterized by the dimensionless ratios v/v F , h y /ǫ F and h z /ǫ F . In the limit of 1/(k F a s ) → ∞ with finite v/v F , h y /ǫ F and h z /ǫ F , the Boson mass m B → 2m, but corrections depending on the aforementioned ratios tend to make the mass heavier, and for finite but large 1/(k F a s ) this mass increase tends to reduce T BEC . However, the effect of interactions between the effective bosons is very subtle and the understanding of its dependence on the dimensionless ratios 1/(k F a s ), v/v F , h y /ǫ F , and h z /ǫ F is being currently investigated [47] .
After a detailed discussion of the effects of parity violation on interactions, order parameter, and pairing temperature T p , which is is dramatically affected in the BCS regime, but largely unaffected in the BEC regime for the parameter range investigated, we are ready to present our conclusions.
XVI. CONCLUSIONS
We have analyzed the normal state of a degenerate Fermi gas in the presence of artificial spin-orbit coupling and crossed Zeeman fields. The specific form of the spin-orbit field chosen corresponds to a mixture of equal Rashba and Dresselhaus (ERD) terms h ERD (k) = vk xŷ , which has been experimentally realized. The artificial Zeeman field h z along a defined spin quantization z corresponds to the Raman intensity of the laser beams, and the crossed Zeeman field h y pointing along the same direction the ERD spin-orbit field corresponds to the fre- quency detuning from the atomic transition coupling two spin states.
In such configuration, the eigenvalues of the noninteracting problem are obtained in a generalized helicity basis, where the helicity spin projection points either along or opposite to the quantization axis defined by the effective magnetic field h eff (k) = (0, h y + vk x , h z ). In this case, we have shown that the presence of spinorbit and crossed Zeeman fields lead to parity violation in the excitation spectrum of the non-interacting Fermi gas, which has immediate consequences for the Fermi surface, spectral density and momentum distribution, which also do not have well defined parity. Such parity violation emerges in momentum-resolved spectroscopic quantities because they are all functions of the magnitude |h eff (k)| of the effective field h eff (k) = (0, h y + vk x , h z ), which does not have well defined parity, since h eff (−k) = (0, h y − vk x , h z ).
In addition, we have shown that information on parity violation can be extracted from momentum-averaged thermodynamic properties such as pressure, entropy, chemical potential, compressibility, and spin-polarization as a function of crossed Zeeman field components h y /ǫ F and h z /ǫ F for fixed spin-orbit coupling v/v F at fixed temperature T . A signature of parity violation is the different behavior of any chosen thermodynamic quantity as a function of h y for h z = 0 and as a function of h z for h y = 0. This anisotropy of thermodynamic properties in the (h y , h z ) plane for finite spin-orbit coupling v/v F is a direct reflection of the lack of parity (inversion symmetry).
Lastly, we analyzed the effects of interactions for a degenerate Fermi gas when parity is broken, and investigated how parity violation influences the order parameter of a uniform superfluid and the fermion pairing temperature. We noticed that the order parameter tensor for a uniform superfluid in the generalized helicity basis no longer possesses inversion symmetry, however singlet and triplet pairing in can still be defined this basis and preserves parity. Furthermore, we found that the effects of parity violation are strong in the pairing temperature of fermions, because it becomes increasingly more difficult to pair states with zero center of mass momentum between helicity bands with progressively larger loss of inversion symmetry.
